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“STOCHASTIC PROCESSES” — HOMEWORK SHEET 4

Throughout, (2, 7, T, P) is a filtrated probability space where T = Nj.

Exercise 4.1. (10 points)
(a) Let X andY be two super-martingales. Show that X \'Y is a super-martingale;
(b) Let X be a predictable martingale, show that X, = X for every t.
(c) Let & € LY, show that X, := E[¢|F;] defines a martingale X ;

(d) Show, or find a counter example for the following assertion: Let X be an adapted process such that
X is integrable and E[X | = E[X,] for every t. Then X is a martingale.

Exercise 4.2. (5 points) Let I C T be such that sup I = oco. Show that every super-martingale X such
that E[Xo] < E[Xy] for every t € I is a martingale.

Exercise 4.3. (10 points) Let X be an adapted process such that E[sup, |X:|] < co. Denote by T the
set of all stopping times and let T € Ny be an arbitrary time horizon. We define recursively

ST :XT and St :maX{E [St+1|}—t]§Xt}a t ST—l.
Define further T = inf{s: s > tand Sy = X} foreveryt =0,...,T.
(a) Show that S = (St)i—o,... T is a super-martingale such that Sy > X, foreveryt =0,...,T;

(b) Let U = (Uy)i=o,..., 7 be a super-martingale such that Uy > Xy for everyt = 0,...,T. Show that
U; > Sy foreveryt =0,...,T;

(¢) Show that E|X +|Fs] = E[St|Fs) for every s <t < T and conclude that

E[X,:|=FE[S]= max E[X;]
{reT: t<r<T}

(d) We denote by ST = (StT )i=o0,...T the process defined in (a) whereby, we stress the dependence
on the time horizon due to its recursive definition. Clearly, S; = limp_ StT defines a process
S. Show that S is a super-martingale for which holds S > X. Show further that for every other
super-martingale U such that U > X it follows U > S.

Exercise 4.4. (Bonus 10 points) Consider now our example of coin tossing but infinitely many times. As
seen, the state space is defined as follows

Q= H{—l, 1 ={-1,1}N = {w = (w): w; = +1 forevery t}

On each Q; = {—1,1} we consider the o-algebra F; = {0, {—1},{1},{—1,1}} and on Q the product
o-algebra F = QF;.



(a) Show that the collection R of finite product cylinders
A={w=(w) €Q:wy, =ex,k=1,...n} 4.1

for a given set of values e, € {—1, 1}, and times t;, € N, k = 1, ..., n, together with the empty-set
is a semi-ring.

(b) Forp € |0, 1], we define P : R — |0, 1] as follows
P[] =0 and P[A]=p'(1-p)""!

for every A € R of the form (4.1) where | is equal to the number of those k = 1,...,n where
ex = 1. Show that P defines a content.

(c) Show that for every finite family (Ay)k<n, of elements in R and A € R such that A C U<, Ay, it
holds’

Pl < S PlAy.

k<n

(d) Show that for every countable family (A,,) of elements in R and A € R such that A C UA,, it
holds?

P[4 < 37 P[4,

and deduce using Caratheodory’s theorem that P extends uniquely to a probability measure P on

F.

(e) Defining the process X by Xi(w) = wy, describe the filtration generated by X.
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Consider first the case where n = 2 and A1, Ag are one dimensional product cylinder.
2Show that there exists a finite ng such that A C U k<ngAk-



