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“STOCHASTIC PROCESSES” — HOMEWORK SHEET 6

Let (Q, F,F, P) a filtrated probability space with F = (F})=01,....

Exercise 5.1. (10 points) Let X be a sub-martingale. Let o and T be two stopping times, such that
o < 1 < T for an integer T'. We set

T0 — 0
and recursively
71 (w) = inf{t: o(w) <t < 7(w),t > 1o(w), X4 (w) < x}
To(w) = inf{t: o(w) <t < 7(w),t > 1 (w), Xt (w) > y}
Top—1(w) = inf{t: o(w) <t < 7(w),t > Top—2(w), X¢(w) < x}
Tok(w) = inf{t: o(w) <t < 7(w), t > Top-1(w), X (w) > y}

with the convention that the infimum over the empty set is infinite. Define
Ulo(w), (@) (%Y, X (w)) = sup{k: mop(w) < oo}
where [o(w), 7(w)] = {t e N: o(w) <t < 7(w)}.
(i) Show that

(v = @) B [Ugo (3, XIF,] < B |(X; =) |5, | — B [(X, —2)" |7,

(ii) Show that

1
P [supXt > /\} < XsupE [Xj]
t ¢

Exercise 5.2. (20 points)
We consider the following random walk starting at O

t
So=0 and S, =Y X, t>1
s=1

where

1 if wy =1
X (w) = lfwt ’ t>1andw = (wi)en € Q= {—1,1}V.
-1 ifw =-1
As for the filtration we take
Fo=1{0,Q} and Fi=0(Xs:1<s<t), t>1

OnF = @ien{0, {1}, {1},{—1,1}} and the unique probability on F which on the finite cylinder is
given by
PA] =p'q"!



wherep € [0,1], g =1 —pand

A={weQ:w, =e,k=1,...n}

for the finite number of times t1, ..., t,, numbers e, € {—1,1} and l is equal to the numbers of those
er = 1. In other words, this is the probability that we have head at time ty, when e, = 1 and tail when
er = —1 for the finite numbers of time t1, . . . , t,, but with a biased coin which provides a probability p of

having head and q = 1 — p of having tail.
(i) Show that S is a martingale if and only if p = 1/2. Show in that case that
P [liminf X; = —c0 and limsup X; = oo] =1

(ii) Show in the general case
PllimX; =o0]=1, ifp>1/2;
and
PllimX, =—-oc0]=1, ifp<1/2.

To do so, show first that E[X¢|Fi—1] = E[X;] for every t > 1. Then, that the Doob-Meyer
decomposition

S=M-A,
is such that Ay = —t(2p — 1) and M satisfies

P [lim inf M; = —oo and limsup My = o] =
and use exercise 3.1.

(iii) Suppose that p = 1/2. Define 7 = inf{t: Sy = a or Sy = —b} for two integers a, b.
e Show that Pt < oo] = 1.

o Show that )

a+b
This is the probability that S reach the value a before hitting —b.

P[S:=d] =

o Show that M = S? — t is a martingale. Deduce that

Elr] =ab

(iv) Suppose that p # 1/2, in the general case, show that M; = (q/p)°t is a martingale. Define
7 =inf{t: Sy = a or Sy = —b} for two integers a,b. Show that

b1
P~ = g e
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