1. Probability Measure and Integration Theory in a Nutshell

1.1. Measurable Space and Measurable Functions
Definition 1.1. A measurable space is a tuple (2, F) where € is a set and F a o-algebra on (Q, that is, a
collection of subset of {2 such that

(i) 0 € F3!

(ii) F is closed under complementation. That is, A¢ € F whenever A € F;

(iii) F is closed under countable union. That is, UA,, € F for every sequence (A,,) of elements in F.

In probability theory, the components of a measurable space have the following meaning.
» ) is a set modelling different szates of the world about which there is uncertainty concerning its real-
ization. It is called the state space. For instance:

— Coin flipping. Let Q = {H, T} where H and T denotes the states “Head occurs” and “Tail occurs”
as the outcome of throwing a coin.

— Temperature tomorrow. Let {2 = R, where « € (2 represents the temperature at 8:00 am tomorrow.
— Financial decision. Let 2 = [—1, 10]? where for (z,y) € 2, z and y represents the interest rate that
the central banks of USA and EU, respectively, will fix next month.
» F is the collection of events, an event being a collection of states that might happen. Following the
previous examples
- A = {H} is the event that head will occur;

- A = [13,19] is the event that tomorrow at 8:00am, the temperature will lie between 13 and 19
degrees;

- A=[0.25,0.75] x [0.9,1.8] U {1} x [1.7,2.1] is the event that next month the USA fix an interest
rate between 0.25% and 0.75% while the EU fix one between 0.9% and 1.8%, OR the USA fix an
interest rate of 1% while the EU fix one between 1.7% and 2.1%.

Remark 1.2. The following points follows from the definition of a o-algebra:
* Q € F. Indeed, § € F by (i) therefore 2 = ()¢ € F by condition (ii).
 F is closed under countable intersection. That is, NA,, € F for every sequence (A,,) of elements
in F. Indeed, (iii) yields AS, € F for every n, therefore, UAS € F. Using (i), it follows that
(UAS)e € F. However (UAS)® = N(AS)° = NA,,. ¢
Lemma 1.3. Let (F;) be an arbitrary non-empty collections of o-algebras on Q. It holds

F=nNF,={ACQ: A€ F foralli}

is a o-algebra on (). Given a collection C of subsets of ), there exists a smallest o-algebra that contains
C which is denoted by o (C).

Note that this assumption follows from (ii) and (iii) when JF is supposed to be non-empty. Why?



Proof. Let us show that F is a g-algebra. Since F; is a g-algebra for every ¢, it follows from condition (i)
that ) € F; for every 7 and therefore ) € F. Also, for A € F, thatis, A € F; for every 4, condition (ii)
yields A¢ € F; for every i, which, by definition, means A¢ € F. Finally, for a sequence (A,,) of elements
in F, it follows that A,, € F; for every ¢ and every n. Hence, UA,, € F; for every 4 by condition (iii).
Thus, UA,, € F. As for the second assertion, note that the power set 20— {A: A C Q} of Qis itself
a o-algebra that contains any collection of subsets of €2, in particular C. Hence, the intersection over all
o-algebra that contains C is non-empty and therefore, by what has been just proved, o(C) is a o-algebra.
The fact that it is the smaller one in terms of inclusion follows from the definition. O

Definition 1.4 (Dynkin system). Let (2, F) be a measurable space. A collection of subsets C of {2 is
called a

(i) A- or Dynkin-system if
* N e
» B¢ ¢ C whenever B € C;

* UA,, € F for every sequence of pairwise disjoints events (A, ) C C.

(ii) m-system if
e AN DB € F whenever A, B € F.

Remark 1.5. Just as in Lemma 1.3, arbitrary intersection of m-system or A-system are themselves -
system or A-system, respectively. Given a collection C of subset of (2, we denote by 7(C) and \(C) the
smallest 7-system and A-system containing C, respectively. Clearly, any o-algebra is a - as well as a
A-system. ¢

Theorem 1.6. Let Q) be a state space and P be a w-system. Then, the \-system generated by P is a
o-algebra, that is \(P) = o(P).

Proof. We first show that if C is a A-system closed under finite intersection, then it is a o-algebra. By
definition of a A\-system, we just have to check the stability under arbitrary countable union. To this end,
let (A,,) be a sequence of elements in C and define B,, = Ay, \ (Up<ndr) = Ap N (NperAS), n > 1
and B; = A;. As C is closed under complementation and we supposed that C is closed under finite
intersection, it follows that (B,,) is a sequence of elements in C. From UB,, = UA,, and (B,,) pairwise
disjoint, it follows from the A-system assumption on C that UA,, = UB,, € C.

Now, it clearly holds A(P) C o(P). From what we just showed, we just have to check that A(P) is closed
under finite intersection, since then A(P) would be a o-algebra containing P and so o(P) C A(P). For
D € A(P), define Dp = {A C Q: AN D € A(P)} which is a A\-system. Indeed 2 € Dp. If A € Dp,
it follows that AN D = (A°UD)ND = (AND)ND = ((AND)UD°". By assumption,
AN D € A(P) and since A(P) is stable under complementation and countable intersection of disjoints
elements, it follows that AN D € A(P) and therefore A° € Dp. Let now (A,,) be a sequence of pairwise
disjoints elements in Dp. From the stability of A(P) under countable union of pairwise disjoint elements
and the fact that (UA,,) N D = U(A,, N D), it follows that UA,, € Dp. Hence, Dp, is indeed a A-system.
Since P is stable under finite intersection it follows that P C Dpg for every B € P. Hence, A(P) C Dp
for every B € P. In particular, for every A € A(P) and B € P itholds AN B € A(P) C Dp. Per
definition, this also means that B € D4 for every B € P and A € A(P) showing that P C D4 for every
A € \(P). Hence \(P) C D4 for every A € A\(P). Thus, for A, B € A(P) it holds B € D4 which per
definition means A N B € A\(P) showing that A\(P) is closed under finite intersection and therefore, by
the first step of the proof, a o-algebra. O

From their definition, o-algebras as well as 7w-systems or A-systems are structures of set, similar to another
very important structure of set, namely topologies.



Definition 1.7. A topological space is a tuple (€2, %) where ¥ is a collection of subsets of a set €2 such
that

(i) 0,Q are in %;
(ii) T is closed under finite intersection, that is, O1 N Oy € ¥ whenever O, 05 € T;

(iii) ¥ is closed under arbitrary union, that is, UO; € T for any arbitrary family (O;) of elements in <.
Elements of ¥ are called open sets. The complement of any open set is called a closed set.

A topology is stable under arbitrary union, finite intersection but not complementation. As o-algebras,
topologies are stable under arbitrary intersections, and therefore we can define the smallest topology
T(*B) generated by a collection B of subsets of (2. Just as dynkin systems, or semi-rings and ring as we
will see later, some smaller structures often describe topologies, namely, topological bases.

Definition 1.8. A topological base on a set €2 is a collection B of subsets of €2 such that
(i) UW{O: 0 € B} =
(ii) for every z € O1 N Os for 01,05 € B, there exists O3 € B with x € Oz and such that
O3 C 01N Os.

Lemma 1.9. Let B be a topological base, and S(B) be the topology generated by B. It follows that
T(B) is exactly the collection of arbitrary union of elements in B.

Proof. Denote by U(B) the collection of arbitrary unions of elements in 8. By definition of T(B), it
follows that B C U(B) C T(B). Since T(B) is the smallest topology containing B, we just have
to show that 2/ (*B) is a topology itself. First 2 € U/(*B) due to the first assumption of a topological
base. As any union over an empty family is empty, it also follows that ) € /(). By definition,
U(*B) is stable under arbitrary union. We are left to show that U/(8) is stable under intersection. Let
Oy = UO;,05 = UO; € U(B) for families (O;), (O;) of elements in B. It follows that O; N Oy =
Ui,;(O; N O;). By definition of a topological base, for every ¢,j and every x € O; N O;, there exists
Of,j € B such thatx € O;; € O; N O;. Hence, Uzco,n0; Oij = O; N O; from which follows that

01N 0y = Ui jzc0,n0,07%; € U(B) showing that U/ (B) is a topology. O
For a set A C (), we define the interior and closure of A as

Int(A) = U{O: O open with O C A}, Cl(A) =N{F: Fclosedand A C F}
Clearly, A is open or closed if, and only if, A = Int(A) or A = CI(A), respectively.

Lemma 1.10. Let A C 2 be a subset of Q2 which topology is generated by a topological base B. Then it
holds

Int(A) =U{0: O C A,0 € B} = [CI(A°)]"
Cl(A) ={w:we0,0eBand ONA#D}

Proof. The first equality for the interior follows from the fact that every open set in € is an arbitrary
union of elements in B. The second equality follows from de Morgan’s law

Int(A) = [[U{O: O C A,0 open}|]" = [N{0O°: A° C O°, O open}]®
= [N{F: A° C F, F closed}| = [CI(A°)]°.
As for the closure equality, it holds
Cl(A) = [Int(A)] = [U{0: O C A%, 0 € B}|° = [{w: w € 0,0 C A° for some O € B}
={w:weO0,0NA=0forsome O € B} ={w:we0,0eBandONA£0}. O



Example 1.11. A metric space (2, d) is a set ) together with a function d : 2 x 2 — [0, co[ — called
metric or distance — with the properties

(i) identity: d(w,w’) = 0if, and only if, w = W',
(ii) symmetry: d(w,w’) = d(w',w);
(iii) triangular inequality: d(w,w") < d(w,w’) + d(w’,w").

The collection B of open balls B, (w) := {w': d(w,w’) < 1/n} forn € Nand w € ) is a topological
base due to the triangular inequality. The topology generated by this family is called the metric topology.
The nice thing about metric spaces, is that we can characterize the topology by converging sequences.
Indeed, a set F' C  is closed if, and only if, the limit of each converging sequence’ of elements in F'
also belongs to F'. This follows from Lemma 1.10, the definitions of the open balls and the triangular
inequality.

In R¢, the balls By, (q) = {z € R?: d(z,q) = ||z — q|| < 1/n} where n € N and ¢ € Q¢ constitute a
topological basis.> The resulting topology is the usual euclidean topology on R?. A particularity of this
topology is that the topological base is countable.* It follows that any open set in R? can be written as a
countable union of open balls.

In general, if a metric space (€2, d) is separable, that is, there exists a countable dense subset® (w,,) of
elements in €2, then the countable collection of open balls By, (w,) = {w € Q: d(wp,w) < 1/m} for
m,n € Nis a countable topological base of £2. Such spaces play a central role in probability theory since
the Borel o-algebra, see following definition, coincide with the o-algebra generated by this countable
family of balls. O

Definition 1.12. Let (€2, %) be a topological space. The o-algebra B(T) generated by the open sets of
is called the Borel o-algebra.®

Remark 1.13. In the case of R?, since it is generated by the countable family 2B of open balls centered
around a rational, it follows that the Borel o-algebra B on R¢ is fully generated by the topological base,
thatis B = o(8). ¢

Exercice 1.14. Let 2 = R, and F = B(R) the Borel o-algebra of R, that is the o-algebra generated by
the collection C = {O: O open set in R}. Show that B(R) = o(.A) whenever

A = {F: F closed subset of R}

A ={]a,b[: a < bwitha,b € R} A= {[a,b]: a < bwitha,b € R}
={la,b]: a < bwitha,b € R} A ={[a,b[: a < bwitha,be R}
={] —o0,b]: bR} A={]—o0,b[: beR}

A= {[a,oo[ a € R} A= {]a,o0[: a € R}

A ={]a,b[: a <bwitha,b € Q} A ={[a,b]: a <bwitha,b € Q}

A ={la,b]: a < bwitha,b € Q} A = {[a,b]: a < bwitha,be Q}

A={]—o0,b]:bcQ} A={]—o0,b[:bcQ}
= {[a,0[: a € Q} A= {]a,o0[: a € Q}

2 A sequence (wn) converges to w, and denoted by wy, — w if d(wn,w) — 0.

3Check this using the triangular inequality and the density of Q¢ in R9.

4Such topologies generated by a countable base are called second countable topologies.

SA subseteq A C € is called dense if CI(A) = Q.

°Tf the topology with respect to which the Borel o-algebra is defined is not clear, then we mention it.



Exercice 1.15. Let (2, F) and (Q', F') be two measurable spaces and X : 2 — ' a function. Show
that

« {X~1(B): B € F'} is a o-algebra, which is denoted by o(X).
* give a counter example that { X (A4): A € F} is not a o-algebra.

Hint: think about the properties of direct images and pre-images with respect to operations on sets.

Definition 1.16. Let (€2, F) and (€2, F’) be two measurable spaces. A measurable function’ is a function
X : 2 — S such that

X HB)={w: X(w) € B}y F, forevery Bc F'.
If ' = R and F’ is the Borel o-algebra, we call X a random variable.

Remark 1.17. In probability theory, we often abuse notations whenever it is clear what is the image space,
that is, we use the shorthand notations for random variables

{XeB}:=X"YB), {X=z}=X1'{z}), {X<z}=X']-o00,2]), --- 4

Remark 1.18. If ) is a state space without a predefined o-algebra, and X :  — Q' is a function with
value in a measurable space (', F'), then

c(X):=0({X'(B): BEF'})

is the smallest o-algebra for which X is a measurable function. In other words, in the framework of the
Definition 1.16 of measurable function, it holds o(X) C F. More generally, let (X;) be a family of func-
tions X; : Q — Q where (€, F/) is a family of measurable spaces, then o/(X;: i) = o({X; *(B): B €
F!,i}) is the smallest o-algebra such that each X; is measurable. ¢

Lemma 1.19. The composition of measurable functions is measurable.

Proof. Let (Q,F), (¥, F') and (€, F") be three measurable spacesand X : Q@ — QY : Q' — Q"
be two measurable functions. Define Z =Y o X : Q = Q”, w — Z(w) = Y (X (w)) the composition
of X and Y. Forevery A € F”, itholds Z71(A) = X1 (Y~1(A)) = X~}(B) where B = Y ~1(A).
Since Y is measurable, it follows that B = Y ~!(A) € F'. Further, the measurability of X implies that
Z=Y(A) = X~1(B) € F showing that Z is measurable. O

Proposition 1.20. Let (Q, F) and (Q', F') be two measurable spaces. If C' is a collection of subsets of
O such that F' = o(C'), then for X : Q — U, the following assertions are equivalent

(i) X is measurable;
(ii) {X € B} € F forevery Be C'.

Proof. Clearly, (i) implies (ii). Reciprocally, let D' := {A € F': X ~!(A) € F}. To show measurability
of X, we just have to show that 7/ = D’. By assumption, C’ C D', therefore, 7/ = o(C') C o(D’) C
F'. We are left to show that o(D’) = D’. This is however immediate since X ! commutes with
complements, arbitrary union and X ~1(0) = 0. O

Combined with Exercise 1.14, it follows that for every function X : 2 — R to be a random variable, it
suffices to check that {X < z} € F forevery x € R.

7If necessary, we say JF-J’-measurable if the context is not clear with respect to which we are measurable.



Corollary 1.21. Let (2, F) be a measurable space and (), %') be a topological space. A function
X : Q — Q' is measurable with respect to the Borel o-algebra B(T') of Q' if and only if X ~*(O') € F
for every open set O' € T'.

If furthermore, T is generated by a countable topological base B, then X is measurable with respect to
the Borel o-algebra B(T') of Q' if and only if X ~*(O') € F for every open set O’ € B'.

Proof. As for the first part, it is a direct application of Proposition 1.20. As for the second part, it follows
from the fact that every open set O’ is a countable union of elements in B’. U

The concept of measurability is the measurable pendant to continuity for functions between topological
spaces.

Definition 1.22. Let (2,%), (©',%') be two topological spaces. A function X : Q — ' is called
continuous if X~1(0") is open for every open set O’ C Q' .8
In the case where ' = R or ' = [—00, o], we say that a function is

* lower semi-continuous if {X < ¢} is closed for every ¢ € R.
* upper semi-continuous if {X > ¢} is closed for every ¢t € R.

Remark 1.23. If () is a metric space, the following are equivalent
* X is continuous, lower semi-continuous or upper semi-continuous, respectively

o lim X (w,) —» X(w), liminf X (w,) > X(w), or limsup X (w,) < X(w) for every w, — w,
respectively.

As for the first assertion, suppose that X is continuous and pick a converging sequence w, — w. By
continuity of X, X ~1(]X(w) — 1/m, X (w) + 1/m[) is an open set containing w for every integer m.
Hence, there exists § > 0 such that Bs(w) € X (] X (w) — 1/m, X (w) + 1/m(). Since w,, — w, there
exists ng such that w, € Bs(w) for every n > ng. All together, it implies that for every m € N, there
exists ng such that | X (w) — X (wy,)| < 1/m for every n > ng. It shows that X (w,,) — X (w) for every
w, — w. Reciprocally, let F' C R be a closed set and (w,,) be a sequence in X ~(F) converging to w.
By assumption, it follows that the sequence (X (w,,)) of elements in F' converges to X (w). Since F is
closed, it follows that X (w) € F and therefore w € X ~!(F) showing that X ~!(F) is closed. Thus X is
continuous.

Let us show the characterization of lower semi-continuity. Suppose that X is lower semi-continuous
and let (w,) be a sequence in € converging to w. Let a = liminf X (w,) = sup,, infy>, X (wk).
It follows that X (] — 00,a]) 2 Ny, Ug>n {wk}. Since X1(] — oo,al) is closed, it follows that
X7Y(] = 00,a]) 2 Cl(Ny, Ug>n {wk}). Since w, — w, it follows that w € CI(N,, Ug>p {wi: k > n}),
and therefore X (w) < a = liminf X (w,,). Reciprocally, let FF = X (] — 0o, a]) and let (w,) be a
sequence in F converging to w. It follows that X (w,,) < a for every n and therefore lim inf X (w,,) < a.
Since X (w) < liminf X (wy,) < a it follows that w € F showing that X ~1(] — oo, a]) is closed. ¢

Remark 1.24. As for measurable functions, you can define topologies generated by family of functions,
analogue to Remark 1.18 as the smallest topology that makes functions continuous. Also, the composition
of continuous functions is continuous. ¢

Corollary 1.25. Let X : Q — R be a function where € is a topological space endowed with the Borel
o-algebra. Under the following assumptions, X is a random variable

* X is a continuous function;

80r equivalently X —1(F") is closed for every closed set F/ C Q.



» X is an upper semi-continuous function;’

o X is a lower semi-continuous function,”

Proof. As for the continuity, we make use of the fact that the Borel o-algebra on the real line is generated
by the closed sets | — 0o, t] for ¢ € R. From the definition of continuity, {X < ¢} is closed and therefore
measurable for every ¢t € R. It follows by Proposition 1.20 that X is measurable. The same argumentation
holds for lower semi-continuous functions. For the upper semi-continuous one, we use the intervals [t, co[
fort € R. O

Definition 1.26. Let (€2;, F;) be a non-empty family of measurable spaces. The product o-algebra, de-
noted by ®F; on the product state space 2 = [ €);, is defined as the o-algebra generated by the family
of projections

T . Q= H Qi — Qz

w=(w;) — w;
Exercice 1.27. Show that in 2 dimensions, it holds F; @ F» = 0({A x B: A € F1,B € F3}). O

Under the notations of Definition 1.26, a product cylinder set is a set A C €2 of the form — assuming that
the index set is directed'! —

A:HQixAilx H QiXAiz...X H QiXAianQi
1<i1 11 <i<ig In—1<t<ip in <t
where 4;, € F;, fork=1,...,n.
As an exercise, show that the family of product cylinder generates the product o-algebra.

Example 1.28. Consider now our example of coin tossing. Suppose that we are not only observing one
coin toss but infinitely — countably — many such as for instance every minutes. Setting —1 for a tail and 1
for a head, we can formalize our state space as follows:

Q=J[{-1,1} ={-1,1}" = {w = (wn): wp = +1 forevery n}
neN

This state space can also be seen as the set of binary sequences for instance in computer science. On each
Q, = {—1,1} we consider the g-algebra F,, = {0, {—1},{1},{—1,1}}. We endow this state space of
the never ending realization of a coin toss with the product o-algebra, that is, according to what has been
stated previously, generated by the product cylinders that in this special case take the form:

C' = {w binary sequences such that w,, = bg,k=1,...n}
for a given set of values b, € {—1,1}, k=1,...,n. %

We now focus mainly on random variables. The following propositions and theorems use a lot the struc-
ture of R, in particular its complete order that generates the topology.'> From now on, we are given a
measurable space (€2, F) and denote by £° = L°(2, F) the set of random variables on (€2, F).

9That is {w: X (w) > =} is closed for every = € R.

O0That is {w: X (w) < 2} is closed for every « € R.

""'Which is always possible from the general theory of boolean algebra, see appendix A.1 where more is said about product o-
algebras.

12Think why for each of the following assertions, the structure of R is so important.



Proposition 1.29. Let X, Y be random variables as well as (X,,) be a sequence of random variables. It
holds

e aX + bY is a random variable for every a,b € R;

* XY is a random variable;

* max(X,Y) and min(X,Y") are random variables;

 sup X,, and inf X,, are extended real valued random variables;"

e liminf X,, := inf,, supy>,, Xy and limsup X,, := inf,, supy,, Xy are extended real valued ran-
dom variables;

o A:={lim X, exists} := {w: lim X, (w) exists} = {liminf X,, = limsup X,,} is measurable.

Proof. First, let g : R x R — R be a continuous function. It follows that the function g(X,Y) is
measurable for the following reason. First, the mapping T : @ — R X R, w — (X(w),Y(w)) is
measurable with respect to product Borel o-algebra on R x R. Indeed, for every two Borel sets A, B
of the real line, it follows that T-'(A x B) = {X € A} N {Y € B} which is an element in F by
measurability of X and Y. Now, since the product sets A x B for A, B Borel sets in R generates the
Borel product o-algebra on R?, see Exercise 1.27, it follows that T is measurable. By continuity of g
together with Corollary 1.25, it follows that g is measurable and therefore g o T' is a random variable by
Lemma 1.19. Taking g(z,y) = ax + b, g(x,y) = zy, g(x,y) = max(x,y) and g(x,y) = min(z,y), the
third tree points follows.

Let a € R, it holds {sup,, X,, < a} = {X,, < a: forevery n} = N,{X,, < a} which is measurable
since {X,, < a} is measurable. Since | — 0o, a] generates the Borel o-algebra, it follows that sup,, X, is
measurable. The same argumentation for inf X,, follows with {inf X,, > a}.!* Let a € R, it holds

{liminf X,, < a} = {sup égi Xn <a} ={Xj <a:forsomek >nforalln} =N, Ugs, {Xi < a}

and so the measurability of lim inf X, follows by the same argumentation as above and the stability of the
o-algebra under countable intersection and union. Finally A = {liminf X,, = limsup X,,} = {Z = 0}
for the random variable lim inf X,, — lim sup X, and therefore is measurable. U

1.2. Probability Measures

Definition 1.30. A probability measure P on the measurable space (2, F) is a function P : F — [0, 0]
such that

e P[)] =0and P[Q] = 1;
» P[UA,] = P[A,] for every sequence of pairwise disjoint'> events (4,,) C F.
The triple (2, F, P) is called a probability space.

In probability theory, a probability measure returns a quantification of the uncertainty that an event occurs.

Lemma 1.31. Let P be a measure on a measurable space (0, F). For every A, B € F and sequence
(A,) C F, it holds

BWith respect to the Borel o-algebra on [—00.00] generated by the metric d(z,y) = |arctan(z) — arctan(y)| that coincide
with the euclidean topology on R.
140r the fact that inf,, X,, = — sup X, and —z is a continuous function.

I5That is A, N Ay, = 0 for every m # n.
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* P|B] = P[A] + P[B\ A] > P[A] whenever A C B;
» P[A°] =1— P[A];

* PIAUB]+ P[AN B] = P[A] + P[B];

¢ o-subadditivity: P[UA,] < > P[A,]

* lower semi-continuity: lim,, PUg<, Ax] = P[UA,]
* upper semi-continuity: lim,, P[Nk<,Ax] = P[UA,)]

Proof. The last three properties follows from Lemma 1.36. Clearly, B is the disjoint union of A and
B\ A. Using o-additivity, the first assertion follows. The second one follows with B = Q and P[Q] = 1.
The third one follows from A U B being the disjoint union of A and B\ (AN B) and P[B\ (AN B)] =
P[B] — P[AN B]. d

Note that a probability measure only take value in [0, 1] due the monotony property and P[Q}] = 1. If we
drop the assumption that P[] = 1, then P is a measure — traditionally denoted with the Greek letters

[T 780

* If given a measure p we assume that x({2) < oo then we say that p is a finite measure. However
this is almost like a probability measure since if p is non zero, defining P = u/u(2) gives a
probability measure.

* If given a measure i we assume that there exists an increasing sequence of measurable sets A; C
Ay C ... with lim A,, := UA,, such that u(A4,,) < oo, then we say that y is a o-finite measure.
This is for instance the case of the Lebesgue measure A on R?.

o If for every A € F with P[A] > 0, there exists B C A with 0 < P[B] < P[A], we say that P is
an atom free probability measure.

o Aset!'® N C Qis called a zero-set, a set of null measure, a negligible set if there exists A € F such
that P[A] =0and N C A.

* The o-algebra ¥ = o (F, N') where N denotes the collection of all negligible sets is called the
completion under P of F.!7

* A probability measure () on F is called absolutely continuous with respect to P, denoted by () <
P, if P[A] = 0 implies Q[A] = 0 for every A € F. We say that Q is equivalent to P if Q < P
and P <€ Q.

In probability theory, we often adopt the following short handwritings
PIX € Bl :=P[X Y(B)], P[X=za]:=PX '({z})] P[X <a]:=PX (] -o0,2])]
Example 1.32 (Examples of Probability Measures). Let ({2, 7) be a measurable space.

1) Probablity on countable sets. Suppose that {2 is a countable set — a fortiori finite. Then each proba-
bility measure P on F = P(Q) = 2 is of the form

PlA] =) plw)

16Not necessarily measurable
17Be careful that the completed o-algebra depends on P.
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for some function p : Q — [0, 1] with Y p(w) = 1."* An important example of which is when Q =
{1,..., N} for some integer N and we take p(n) = 1/N for every n = 1,...,N. The resulting
probability measure is called the uniform probability distribution on ().

2) Dirac measure. The Dirac measure at wg € € is defined as the set value function

1 ifwye A
Sy (A) = WEL T AeF

0 otherwise

Other names for the Dirac measure are, point measure at wy.

3) Counting measure. Define
A if Ais finite
w(A) = {# ] AeF.

00 otherwise

It is easy to check that p is an additive measure which is o-stable if and only if A is finite. It is a
probability measure if #£ = 1.

4) Normal Distribution. For ) = R and F the Borel o-algebra of the real line, we define

(=
2

PlA #-\dr), AcF,

RN

where ) is the Lebesgue measure on R. This is the famous normal distribution, and you certainly already
showed in your mathematical life that P[R] = 1 so that P is a probability measure. For instance in our
example of the temperature for tomorrow morning we can assume that at this time of the year in Shanghai,
these are normally distributed around 24 with a variance of 1. O

In Example 1.28, we introduced the state space of tossing infinitely a coin. Supposing that the coin is fair,
we know that tossing and getting head is 1/2. We could extend with combinatoric arguments what is the
probability of a finite sequence of coin tosses, for instance of having tail then head twice in three tosses.
The main question is whether it is possible to find a probability measure that is defined for any sequence
of coin tossing but coincide for any finite sequence to what we intuitively understand for finitely many
coin toss. The answer is in the so called Caratheordory measure extension that we won’t prove here, but
can be found in any measure text book.

Definition 1.33. A collection R of subsets of € is called a
e semi-ring if
(i) )eR
(ii) AN B € R whenever A, B € R;
(iii) if A, B € R, there exists C, ..., C,, € R pairwise disjoints such that A \ B = U<, C.
e ring if
(i) e R
(ii) AU B € R whenever A, B € R;
(iii) A\ B € R whenever A, B € R;

18Why?
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From the identity AN B = A\ (A4 \ B), it follows that a ring is closed under intersections and therefore
aring is a semi-ring. Inspection shows that the ring generated by a semi-ring R is exactly the collection
of sets A = U<, Ay, for every finite family (Ax)r<y, of pairwise disjoint elements in R.

Definition 1.34. Let R be a semi-ring. A function P : R — [0, oo] is called a content if
* P[] = 0;

* PlUp<nAi] = > <, PlA] for every finite family (Aj)r<, of pairwise disjoint elements in R
such that U<, Ay, € R.

If a content P satisfies

* P[U,Ay] = > P[A,)] for every sequence (A,,) of pairwise disjoint elements in R and such that
UnAn € R.

then P is called a premeasure.

Recall that unlike rings, semi-rings are in general not closed under union. If P is a content on a ring, then
it is finitely additive with respect to finite family of disjoints events. Furthermore, if P is a content on a
semi-ring R, it can easily be extended to a content on the ring generated by R. Indeed, as mention above,
the ring generated by the semi-ring R is the collection A = U<, Ay, for finite pairwise disjoints family
(An)n<i of elements in R. So defining P[A] := >, . P[A}] provides the desired extension.

Remark 1.35. Note that a content on a ring is automatically

* monotone: indeed for A C B itholds P[B] = P[B\ AUA] = P[B\ A]+ P[A] > P[A]. In particular
P[B\ A] = P[B] — P[A].

* sub-additive: that is for (A)g<, finite family of elements in R and A C Uy<, Ay it holds P[A] <
> k<n PlAk]. Indeed, define B; = AN A; and recursively B, = AN (Ay \ (Ui<x4;)) for k < n. By
definition of a ring, it defines a finite disjoint family of elements in R and it holds By C A for every
k as well as A = U<, By. Hence, by additivity and monotony from the previous point, it follows that
P[A] = PlUg<nBi] = >0 P[Bi] < 3 P[A4]. ¢

A probability measure on a measurable space is in particular a content on a ring. The following central
lemma holds for probability measures, but it also holds for the broader class of finite content on a ring.
Since we will need it in the appendix for the proof of Caratheodory theorem, we state it in its generality
here.

Lemma 1.36. Let R be a ring and P : R — [0, o] a finite content, that is P[A] < oo for every A € R.
Then the following are equivalent

(i) o-additivity: P[UA,] = >_ P[A,] for every countable family (A,) of pairwise disjoint elements
in R such that UA,, € R;

(ii) Lower semi-continuity: sup,, P[A,] = P[UA,] for every countable family (A,) of increasing
elements R such that UA,, € R;

(iii) Upper semi-continuity: inf,, P[A,] = P[NA,] for every countable family (A,) of decreasing
elements in R such that NA,, € R;

(iv) Continuous at (): inf,, P[A,] = 0 for every countable family (A,,) of decreasing elements in R
such that NA,, = 0;

13



(v) o-sub-additivity: P[A] < > P[A,] for every countable family (A,,) of elementsin R, A € R such
that A C UA,,.

Proof. Let us show that () implies (é¢). Let (A,,) be an increasing sequence such that A = UA,, € R.
Defining B,, = A, \ Up<nAr = A, \ Bp—1 forn > 1 and By = A; provides a disjoint sequence of
elements in R. Indeed per induction starting with B; = A; € R, suppose that B,,_; € R is follows by
the definition of a ring — recall a ring is closed under union, intersection, and difference — and A,, € R
that B, = A, \ B,—1 € R. Since A,, = Ug<, By, and A = UB,, it follows from o-additivity that

P[A] = Z P[B,] = sup Z P[By] = sup P[Uk<,By] = sup P[A,]

k<n

To show that (4¢) implies (¢) is analogue. Let (4,,) C R be a pairwise disjoint sequence of sets such
that A = UA,, € R. Defining B,, = Ui<, A provides an increasing sequence of element in R and
UB,, = A € R. Hence

P[A] = sup P[B,] =sup »_ P[A;] = > P[Ay]
k<n

Let us show that (i7) implies (ii¢). Let (A,,) C R be a decreasing sequence such that A = NA,, € R. It
follows that B,, = A; \ 4,, defines an increasing sequence such that B = UB,, = A1 \NA,, = A1\ A €
R. Lower semi-continuity and additivity implies'”

P[A,] —inf P[A,] = sup(P[41] — P[A,)]) =sup P[A; \ A4,)]
= P[UA; \ A,] = P[A; \ A] = P[A4] — P[A]

Let us show that (¢7¢) implies (i7). Let (A,) C R be an increasing sequence such that A = UA,, € R,
then B,, = A\ A, defines a decreasing sequence in R such that N\B,, = A \ UA,, € R. The same
argumentation as above yields the assertion.

The fact that (4i7) implies (¢v) is immediate, so let us show that (iv) implies (4¢7). It is left as an exercise
by noting that a decreasing family (A,,) C R such that A = N, A,, € R defines a decreasing family
B, = A, \ A of elements in R which intersection is the empty-set.

We show that (7) implies (v). Let (A,,) be a countable family of elements in R and A € R such that
A C UA,,. Define By = AN Ay and B,, = AN (4,, \ Ux<nAk) which by induction and the definition
of a ring is countable family of disjoint elements in R such that A = UB,, € R and B,, C A,, for every
n. Further, since P is a premeasure it is in particular monotone, see Remark 1.35, hence

P[A] = PUB,] = Y P[B.] < Y P[A,)]

showing the o-sub-additivity. Reciprocally, let P be a o-subadditive content on R. It follows in particular
that it is monotone, see Remark 1.35. Let (4,,) be a countable family of pairwise disjoint events in R
such that A = UA,, € R. It follows that

> PlA,] =sup ¥ P[A] = sup P[Up<n Ag] < sup P[A] = P[A].
n k<n n n
The o-sub-additivity yields the reverse equality, showing o-additivity. O
Example 1.37. The collection of cylinders on 2 = {—1,1}" is a semi-ring that generates the product

o-algebra. The collection {[a,b[: a < b,a,b € R} that generates the Borel o-algebra of the real line is a
semi-ring but not a ring! %

19Show that for a content on a ring, it holds P[A \ B] = P[A] = P[B] whenever A, B € R.
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The definition of a semi-ring might be quite artificial but it is actually useful together with Caratheory’s
extension theorem. Indeed, when you practically want to define a measure “per hand”, it is often hard, if
not impossible, to define it on such a complex collection as a o-algebra and ensure that it has the good
properties. Therefore, you often search for a simple collection of sets where the definition makes sense,
and the following theorem ensures that you can find a measure that corresponds to the one you defined
on the smallest subset.

Theorem 1.38 (Caratheordory Extension Theorem). Let €2 be a non empty-set, R a semi-ring such
that Q@ = UA,, for some countable family (A,) of elements in R. Suppose that P : R — [0,00] is a
content such that

(i) P[A] < oo forevery A;

(ii) P is o-sub-additive, that is P[UA,] < Y P[A,] whenever (A,,) is a countable family of elements
in R such that UA,, € R, and A € R with A C UA,,.

Then P can be extended to a measure P on F = o(R).

The proof of which is done in the appendix as well as the construction of several important measures,
among others such as the probability coinciding with the fair coin toss when the experience is conducted
infinitely many times. The main question though is if such an extension is unique. This follows however
from Dynkin Theorem 1.6.

Proposition 1.39. Let (2, F) be a measurable space and P a -system on S) that generates F. Suppose
that two measures P and Q) on F coincide on P, then P = Q.

Proof. Let C be the collection of measurable sets on which P and () coincide. By assumption P C C.
Further, it can be easily checked — do it!! — that C is a A-system. Therefore, applying Theorem 1.6, it
follows that F = o(P) C C C F showing that P = Q. O
1.3. Integration

Let (2, F, P) be a probability space. A random variable X is said to be simple or a step function, if

X = ZaklAk

k<n

fora Ay,..., A, € Fand ai,...,q, € R. Note that this representation is not unique!’* We denote by
L£0-5tep the collection of these step functions which is a linear subspace of £° and define the expectation
of simple random variable X with respect to P as

E[X] = Z OékP[Ak}
k<n
Exercice 1.40. Show that the definition of the expectation is a well defined operator on £0-5t¢P, 2! O

Proposition 1.41. On L%5t°P, the following properties hold
« Monotony: E[X] < E[Y] whenever X <Y.

20Why?
2l'why?
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* Linearity: F is a linear operator on L%5P;

Proof. Let X =5, . apla, andY =3, Bi1p, be two simple random variables. Without loss of
generality by taking a finer partition that contains both families, we may assume that m = n, Ay = By
and (Ag) is a pairwise disjoint family. If X < Y, it follows that o = X(w) < Y(w) = fy for
every w € Ay and k = 1,...,n. Hence, E[X] = 3, axP[Ay] < X, ., BxP[Ax] = E[Y]. For
a,b € R, itholds E[aX 4+ bY] =, ., (acy, + bBi) P[Ax] = a4, ax P[Ak] + 03, <, BrPlAL] =
aB[X] +bE[Y].

Definition 1.42. For X € ﬁ(jr ={X ¢ L0 X > 0} we define
E[X] :=sup {E‘[Y] Y < X,Y € E&Step}

A random variable X € £ is said to be integrable if E[X "] and E[X ~] take both finite values. The
collection of integrable random variable is denoted by £'. The expectation of elements in £ is defined
as

E[X]=E[X"] - E[X]
By definition, E is an extension of £ to the space £ since for Y € £}**“ it holds E[Y] = E[Y]. This

is the same on £!, as £05'*? C £ and it holds E[Y] = E[Y] for every Y € L%5°?. We therefore
remove the hat on the top of the expectation symbol everywhere. Finally, if X is a positive extended real
valued random variable the expectation as given by the definition above is also well defined.

Theorem 1.43. Let (X,,) be an increasing sequence of positive random variables then
sup E[X,] = lim E[X,,] = E[sup X,,] = E[X]
where X = sup X, is an extended real valued random variable.

Proof. By monotonicity, we clearly have E[X,] < E[X] for every n, therefore sup F[X,,] < E[X].
Reciprocally, suppose that F[X] < oo and picke > 0andY € E(j_’swp suchthatY < X and E[X]—¢ <
E[Y].22 For 0 < ¢ < 1 define the sets A,, = {X,, > ¢Y'}. Since X" is increasing to X, it follows that
A,, is an increasing sequence of events. Furthermore, since ¢Y <Y < X and ¢Y < X on {X > 0}, it
follows that UA,, = Q2. By non-negativity of X,, and monotonicity, it follows that

CE[14,Y] < E[14, Xn] < E[X,]
and so
csup E[14,Y] < sup E[X,]
Since Y = Zlgk oqlp, forag,...,ar € Ry and By, ..., By € F, it follows that
E[14,Y] =) aP[A,NB.
1<k

However, since P is a probability measure, and A,, is increasing to €2, it follows from the lower semi-
continuity of probability measures, see Lemma 1.31, that P[A, N B;] * P[Q N B;] = P[B], and
SO

sup E[14,Y] =) " aysup P[A, N B)] = > a,P[B] = E[Y].
1<k
Consequently
E[X] > lim E[X,] =sup E[X,] > cE[Y] = cE[X] — ce
which by letting ¢ converging to 1 and ¢ to 0 yields the result. O
22Why is it possible?
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Proposition 1.44. For each X € LY, there exists an increasing sequence (X,) C £9F’St€p such that
Xn(w) 7 X (w) and uniformly on each set {X < M} where M € R.

Proof. Let A} ={(k—1)/2" < X < k/2"} fork =1,...,n2" and every n. Define
n2"

k—1
X, ::Z om lAZ +nlixsny-
k=1

From the definition follows that X,, < X forevery n and X (w) —27" < X,,(w) foreveryw € {X <n}
which, up to the monotonicity left as an exercise, ends the proof. (I

Proposition 1.45. The expectation operator is a monotone on LY. and E[aX + bY| = aE[X] + bE[Y]
for every a,b € R with a,b > 0. Further, the space L' is a linear space and the expectation operator E
is a monotone on it.

Proof. Let X,Y € LY, real numbers a, b > 0 and, according to proposition 1.44, denote by X, Y, two
increasing sequence of simple random variable such that X,, /* X and Y™ /Y. If X <Y it follows
from the construction in 1.44 that X,, < Y,,. From the monotonicity of E on L£9:5%¢P and the monotone
convergence theorem that E[X] = lim F[X,,] < lim E[Y,,] = E[Y]. The same argumentation using the
linearity of E on £%tP it follows that E[aX + bY] = lim E[aX,, + bY,,] = limaE[X,] + bE[Y,] =
alim E[X,] + blim E[Y,,] = aE[X] + bE[Y]. The case of £! follows the same lines. O

We finish this section with two of the most important assertions of integration theory.
Theorem 1.46. Let (X,,) be a sequence in L°.
Fatou’s lemma: Suppose that X,, > Y for someY € L. Then it holds

E [liminf X,,] < liminf F [X,,].

Dominated convergence theorem: Suppose that | X,,| <Y and X,, — X, then it holds
E[X] =1lim E[X,)]

Proof. Up to the variable change X,, — Y, we can assume that X, is positive. Let Y;, = inf;>,, X,, which
is an increasing sequence of positive random variable that converges to lim inf X,, = sup,, infz>, Xj.
Notice also that Y,, < X}, for every k > n and therefore by monotonicity of the expectation E[Y;,] <
infy>, E[X}]. We conclude Fatou’s lemma with the monotone convergence theorem as follows

E [liminf X,,] = lim E [Y;,] = sup E [V,,] < sup ]igf E[Xg] = liminf E[X,]
A simple sign change shows that Fatou’s lemma holds in the other direction, that is, if X,, <Y for some

Y € £1, then it holds
limsup E [X,,] < E [limsup X,,]

Now the dominated convergence theorem assumptions yields that —Y < X,, < Y for some Y € £!.
Hence, since X = lim X,, = liminf X,, = lim sup X, it follows that

limsup F [X,,] < E [limsup X,,| = F [X]| = F [liminf X,,] < liminf F [X,]
However, lim inf F [X,,] < limsup E[X,,] showing that E[X,,] converges and
E[X] = liminf F[X,] = limsup F[X,] = lim E[X,,].

which ends the proof. U
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One important property of the Lebesgue integral is that it is independant of the null sets on which func-
tions may differ.

Proposition 1.47. Let XY € L. Suppose that X >Y P-almost surely, that is P[X > Y| =1, then
it follows that E[X] > E[Y].

In particular, if X = Y P-almost surely, then it holds E[X] = E[Y]. Also, if X > 0 P-almost surely
and E[X] = 0, then it follows that X = 0 P-almost surely.

Proof. Suppose that X > Y P-almost surely and defines A = {X < Y} which is a negligeable set. It
follows that (X —Y)14c € £, and so E[(X —Y)14¢] = E[X14¢] — E[Y14¢] > 0 by monotonicity.
On the other hand, (Y — X)14 € £9, andlet Z" = a1 By be an increasing sequence of step random
variables that converges to (Y — X)14. Since (Y — X)14 = 0 on A°, it follows that B}’ =C A for
every k,n and therefore P[B}!] < P[A] = 0 for every k,n. We deduce that E[Z"] = 0 for every n and
by Lebesgue monotone convergence, it follows that E[(Y — X)14] = 0. We conclude by noticing that
(X —Y)= (X - Y)lge — (Y — X)14. O

This proposition allows in the monotone convergence theorem, Fatou’s lemma as well as dominated
convergence to replace convergence of random variable and inequalities by P-almost sure convergence
and P-almost sure inequalities. On £ we can define the operator X — || X||, = E[|X|]. Verify that

e X = 0implies | X||; = 0;
X+ Y < IXM + 1Y s
* [AXIL = (AT,

In other words, ||-|| is “almost” a norm if in the first point we had equivalence and not only implication.
However, as the previous proposition shows, it actually holds

e || X|l; = 0if and only if X = 0 P-almost surely.

We therefore proceed as in Algebra. Inspection shows that X ~ Y on £° if, and only if, X = Y P-
almost surely is an equivalence relation.”> We can therefore define the quotient of equivalence classes
L% = L%/ ~. We can work there just as in £° in the P-almost sure sense, that is X = Y means
X =Y P-almost surely, even if X is actually just a representant of its equivalence class. Inequality
is also compatible with the equivalence relation and therefore X > Y means X > Y P-almost surely.
Every operation that is blind with respect to null measure sets can be carry over to L. This is the case of
the expectation on Li. Similarly, we can define L' as the set of equivalence classes of integrable random
variable that coincide P-almost surely. Also, since the operator ||-||, does not take into account objects
defined on negligeable sets, it carries over to L! is there a true norm, making (L', ||-||) a normed space.
We can further define for 1 < p < oo the following operators on Lo,

X[ = E[IX[P)? ifp < 00
P inf {m: P[|X|<m]=1} ifp=cc

that give rise to the spaces

L= {X e L% |IX]|, < oo}

23 An equivalence relation ~ is a binary relation which is symmetric, that is z ~ y if and only if y ~ x, reflexive, that is = ~ z
and transitive, that is x ~ y and y ~ z implies x ~ z.
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Theorem 1.48 (Jensen’s inequality). Let ¢ : R — R be a convex function and X be an integrable
random variable. It holds
¢ (E[X]) < Ep(X)].

Proof. Let xy = E[X]. Since ¢ is a convex real valued function, the existence of sub-derivative for
convex functions implies the existence of a, b € R such that

p(zr) > ax+0b, forallz € R and ¢(xg) =axo+b

Hence
Elp(X)] > aB[X] +b=azo +b = ¢ (E[X])

which ends the proof. (]
Exercice 1.49. Using Jensen’s inequality, prove that (]| a))t/m <1/n > a; where ay,...,a, >0. O
Theorem 1.50 (Holder and Minkowsky Inequalities). Ler p,q € [1,00] be such that 1/p+ 1/q = 1.
Forevery X € LP andY € L9, the Holder inequality reads as follows:
1 1
IXYl, = BIXY] < EIXP17 BV = X1, |V,

For every X, Y € LP, the Minkowsky reads as follows:

1 1 1

IX +Yl, = BIX + Y] < BIXP)? + BIYP]Y? = |1X], + Y],

Proof. As for the Holder inequality, the case where p = 1 and ¢ = oo, the inequality follows from
| XY| < |X]|||Y]|.- Suppose therefore that p, ¢ are conjugate with values in |1, co[. Without loss of
generality, we may assume that X and Y are positives. It holds

YidP
E[Y4]
where Ej is the expectation operator under the measure ) with density dQ := Y %dP/E[Y 9].>* Defining
the convex function x — () = P, Jensen’s inequality together with the fact that p(1 — ¢) + ¢ = 0 and

1—1/p =1/qyields

E[XY] = E[Y9Eg[XY'"9 = E[Y p(Eq[XY')V? < B[ Eq [p(XY' 1)
1/p

E[XY] = E[YY) / Xy'-4 = E[YYEq (XY™

q pyp(l—q) 1/p q pyp(l—a)yq q
= E[Y)Eq [X Y } — E[YYE [X yri-oya/ gy ]}
— E[xp]l/PE[yq]l—l/P — E[xp]l/PE[yq]l/q

As for the Minkowski inequality, in the case where p = 1, it follows from |z + y| < |z| + |y|. The case
where p = oo is also easy. Suppose therefore that 1 < p < oo. First notice that by convexity it holds
lz +y|” <1/2|22” +1/2|2y/" = 2P~ (J2” + |y|”). For information, this inequality ensures that L?
is a vector space. Now using the triangular inequality and Holder’s inequality for ¢ = p/(p — 1) in the
end we get

IX +Y|2 = E[IX +YP]
<E[X|IX+YP™| + B |IY]1X + Y]]
(p—1)/
< (E X717 + E [IY\P]””) E [|X + Y|(”_1)p/(1’_1)} e
1—-1 1
= (I, + Y1) EUX + P17 = (1], + 1¥],) 1% + 2

if || X + Y|, = 0 the inequality is trivial, otherwise divide both sides by || X + Y'||” -1 O

24Verify that Q defined as such is indeed a probability measure, thatis Q(A) = [, dQ = [, Y9/E[Y4]dP = E[1,Y/E[Y ]
is a o additive measure and it holds Eg[Z] = E[ZY 9/E[Y1]].
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It follows in particular that L” is a vector space and that [|[|,, is a norm on LP. We say that X;, — X in
LP for (X,,), X in LP if | X,, — X]|, — 0.

Proposition 1.51. Let (X,,) be a Cauchy sequence in (L?, ||-|| ) for 1 < p < oc. It follows that X, — X
in LP for some X € LP.

This proposition states that (L?, [|-||,) is a Banach space.

Proof. We do the proof for p < co. Let (X,,) be a Cauchy sequence. By Cauchy property, we can take a
subsequence (Y;,) of (X,,) such that |Y,, ;1 — Y,| < 27" and define Z,, = |Y1| + >, <, [Yir1 — Yi|
which is an increasing sequence of positive random variables converging to Z = sup Z,,. Hence, the
monoton convergence theorem shows that £[ZP] = lim E[ZF]. By Minkowsky inequality it holds

p

P P b
Bzl =z < (1Yl + Y Ve =Y, | < (il +1)

k<n—1

The left hand-side being independent of 7, it follows by passing to the limit that Z € L? and therefore
Z < oo P-almost surely. On the other hand, since the absolute serie, Y |Z;11 — Zi| converges, it
follows thatY,, =Y —1+>", . Y1 —Y) converges P-almost surely to some Y. Hence, Y = lim Y,
is in L? since |Y| = lim|Y,| < Z € LP. We make use of dominated convergence on (Y;,) since
Y? — YP P-almost surely and |Y,,|” < ZP € LP, which implies that E[|Y,, — Y'|’] — 0. It shows that a
subsequence (Y,,) of (X,,) converges in LP to some Y. As an exercise, using the Cauchy property, show
that X,, = Y in LP. (I

Definition 1.52. Let (X,,) be a sequence of random variables and X a random variable. We say that
¢ X,, — X P-almost surely if P[limsup X,, = liminf X,,] = 1;
* X,, — X in probability if lim P[|X,, — X| > ¢] = 0 for every € > 0;
* Xp = Xin LPif [| X, — X[, — 0.

Proposition 1.53. Let (X,,) be a sequence of random variables and X a random variable. The following
assertions hold:

(i) X, = X P-almost surely implies X,, — X in probability,

(ii) X,, — X in probability implies that Y,, — X P-almost surely for some subsequence (Y,,) of
(Xn);

(iii) X,, — X in LP implies that Y,, — X P-almost surely for some subsequence (Y,,) of (Xy,).
(iv) X, — X in probability and | X,| <Y for some Y € L* implies X,, — X in L';
Proof. Homework sheet. U

Proposition 1.54 (Chebyshev/Markov inequality). Let X be a random variable, ¢ > 0. For every
0 < p < oo, the Chebyshev inqueality reads

PIX| 2 4 < ZEIXP).

In the case where p = 1, the inequality is due to Markov.
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Proof. Define A, = {|X| > t} and g(z) = P which is an increasing function, so that consequently
yields 0 < g(e)1a. < g(|X[)1a.. Thus, 0 < g(e)P[Ac] = Elg(e)1a] < Elg(|X[)1a.] < Eg(|X])]
which ends the proof.? O

Remark 1.55. Note the proof of Markov’s inequality shows that the following inequality holds

PlX|> €] < %E[guxm

for every increasing and measurable function ¢ : R — R such that g(g) > 0. ¢

1.4. Radon-Nikodym, Conditional Expectation

In this section we will make use of a central theorem of Functional analysis applied in the special case
of Hilbert spaces.?® Recall that a linear functional 7' : H — R where (H, (-,-)) is a Hilbert space is
continuous if and only if
sup |T(z)| < o0
llzll=({z,z)<1
Theorem 1.56 (Riesz Representation Theorem). Let H be an Hilbert space, and T : H — R be a
continuous linear functional. Then there exists y € H such that T'(x) = (y, z) for every x € H.

This theorem allows us to treat the following central theorem of measure theory in a rather simple way.

Theorem 1.57 (Radon-Nikodym Theorem). Let (), F) be measurable space and P, Q two finite mea-
sures on F such that Q) < P. Then there exists a P-almost surely unique and positive random variable
Z € LY(P) such that

Q(4) :/ ZdP, forevery Aec F
A

The random variable Z is called the Radon-Nikodym derivative of () with respect to P and denoted by
dQ/dP. In particular it holds [ XdQ = [ XdQ/dPdP forevery X € L*(Q).

Proof. The proof is based on the argumentation of John von Neumann. Define Q = P+ Q, that is,
the measure Q[A] = P[A] + Q[A] for A € F.?7 Since Q < P, it follows that Q is equivalent to P.
Indeed, P[A] = 0 for some A € F implies that Q[A] = 0 and therefore Q[A] = P[A] + Q[A] showing
that Q < P. Reciprocally, if Q[A] = 0, it follows from the positivity of Q and P that P[A] = 0
and therefore P < Q. Furthermore, it holds L?(Q) C L?(P) C L'(P). Indeed, denote by L°(P)
and L° (Q) the set of random variables identified when they agree Q-almost surely and P-almost surely,
respectively. Since Q is equivalent to P, it holds that X = Y P-almost surely if, and only if, X = Y
Q-almost surely. Hence L°(P) = L°(Q) and from now on we denote it L without referring to the
measure Q or P.2® Thus, for X € L° such that X € L%(Q), that is [ X2d(P + Q) < oo, it holds
[ X?dP < [ X2dP + [ X?dQ = [ X?d(P + Q) < oo showing that X € L?(P) C L'(P).”

25 Note that the theorem holds by replacing the function g(z) = xP by any increasing function on R ..

26 A (real) Hilbert space is a vector space with a bilinear form (-y+) : Hx H — R, that is linear in the first as well as in the second
argument, such that (z,y) = (y, ) and (z,x) > 0 with equality if and only if 2 = 0. Hence, ||z| = |(z,y)|*/? defines a
norm on H due to Cauchy-Schwartz inequality that states that |(z,y)| < ||z|| ||y||. The finite dimensional vector space R? is an

Hilbert space for the distance scalar product (z, y) = Y., <, T Yk and defines the euclidean norm ||z|| = />, ., 7. More
importantly in our case, given a finite measure P, the space L? with the bilinear form (X,Y) = J XYdP is, due to Holder
inequality [ |XY|dP < ([ |X|?dP)Y/2(f|Y|? dP)'/2, a Hilbert space with resulting norm IX|Ip2py = J X2dP)!/?
which is the 2 norm as defined before.

27Verify that this is indeed a measure.

28For this argument, it is central to have that Q < P, otherwise you would not have LO(P) = L°(Q

To differentiate the ||-||, in the two spaces L2(Q) and L?(P) we write X206y = fXQdQ 1/2 and X1l 2py =
(f X2dP)1/2.
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Define now the linear functional 7' : L?(Q) — R, X ~ T(X) [ XdP which is well-defined since
L?(Q) C L?(P). Using Jensen’s inequality and the fact that () /Q(€2) is a probability measure, it holds

‘/XdP‘ /|X|dP</|X\d P+Q)=Q( /\
gc}(ﬂ)( x2 49 ) @(g)/;@d@: VOO IX1 20, -

It follows that
sip 70| £4/Q@) < o

XGLZ(Q)»||XHL2)Q“§1

showing that T" is a continuous linear functional on the Hilbert space L? (Q) Applying Riesz representa-
tion Theorem 1.56, there exists Y € L?(Q)) such that

T(X)=(X,Y)= / XYdQ, forevery X € L*(Q).

In particular, on the one hand, if we take X = 14 where A = {Y" < 0}, it follows that 0 > f 1 AYdQ =
T(1a) = [1adP = P[A], showing that Y > 0 P-almost surely. On the other hand if, we take
A = {Y > 1} it follows that if Q(A) > 0 then it holds P[A] = T(14) flAYdQ > [14dQ =
P[A] + Q[A] which is a contradiction showing that Y < 1 Q-almost surely. Since Q is equivalent to P,
itholds0 <Y <1 Q and P-almost surely.

It follows that 1/Y is a well-defined and positive random variable in L. Since Y,, = (1/Y) A n defines
an increasing sequence of bounded positive random variable such that sup,, ¥;, = 1/Y, applying twice
the monotone convergence theorem, we deduce that

/Ad——sup/YdP_supT 14Yy) _SUP/YYdQ /*dQ QA),

for every A € F. Taking A = €, it follows in particular from Q(£2) < oo that 1/Y € L'(P). Defining
Z =1/Y — 1 which is a positive measurable function in L' (P), it follows that

Q(4) = Q(4) /——P /AZdP

for every A € F which ends the proof of the existence. Uniqueness is left as an exercise. U

The Radon-Nikodym Theorem allows us to prove easily the existence of conditional expectations.

Theorem 1.58. Let (2, F, P) be a probability space and G C F be a sub-c-algebra. For every inte-
grable random variable X, there exists a P-almost surely unique G-measurable and integrable random
variable Y such that

E[1aX]=FE[14Y], foreveryA€gG

Denoting E[X|G) := Y, provided all the following random variables are all in L*, it holds:
(i) E[|E[X|G]] < E[IX]);
(ii) X — E[X|G] is linear;

(iii) E[X|G] > 0 P-almost surely whenever 0 < X P-almost surely;
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(iv) E[X,|G) 7 E[X|G] whenever 0 < X,, /' X;
(v) EYX|G] = YE[X|G] wheneverY is G-measurable;
(vi) EIXE[Y|G]] = E[E[X|G]Y] = E[E[X|G]E[Y|]]];
(vii) E[E[X|G2]|G1] = E[X|G1] whenever the c-algebras are such that G; C Go C F.

This unique random variable is called the G-conditional expectation of X, and is denoted by F[X|G].

Proof. For X in L1, it defines two finite measures on G given by
QF(A)=E[14X*], A€g

which are by definition both absolutely continuous with respect to P.* It follows from Radon-Nikodym
Theorem 1.57 that there exists two P-almost surely unique positive G-measurable random variables Z+ ¢
L'(G) such that

Q*(4) = E[142%]

Defining E [X|G] = Z+ — Z~ € L'(G) as the conditional expectation end the proof of the existence and
uniqueness. The properties (i)—(vii) are left as an exercise, where the monotone or dominated convergence
of Lebesgue as to be used for some. U

Exercice 1.59. Under the assumptions of the Theorem 1.48, show that for a sub-c-algebra G C F, if
(X)) is integrable, then it holds
¢ (E[X|G]) < Elp(X)|g] v

For your interest, here is the proof of the existence of conditional expectation using Hilbert projections.

Proof. Suppose first that X € L?(F). Note that L?(F) is an Hilbert space for the norm |||, and L?(G)
is a closed linear subspace of L?(F). Hence, by Hilbert’s projection theorem, there exists a unique
Y € L*(G) such that X — Y is orthogonal to L?(G). Since 14 € L?(G) for every A € G it follows that

E[(X -Y)ls=(X-Y,14)=0, Acg

showing the main assertion. The properties (ii)—(vii) are easy to verify in L? from the definition and
therefore left as an exercise.
We show property (i). For X € L%, let A = {E[X|F] > 0} which is an event in G, it follows that

E(|E[X|F]] = E[E[X|F]; Al - E[E[X|F]; AT = E[X; A] - E[X; A% < E[|X]]

Hence
sup {E[|[E[X|G]]]: X € L?,||X]l, = B[ X|] <1} <1 0

showing that the linear functional E[-|F] on L? is L!-continuous. Since L? is dense in L which is com-
plete, it follows that this linear extension extends uniquely to a continuous one on L', and the properties
(i)—(vii) extends as well to L' which ends the proof.

30Verify that these are indeed measures!
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1.5. Independence

Definition 1.60. Let (2, F, P) be a probability space and a family (C?) of collections of elements in
F. The family is called independent if for every finite collection (A;, )<, With A;, € C' for every
k=1,...,n,itholds

PlA;, n---n4;, ] =[] PlAi]

k<n

Elements of a family (4;) in F are called independent if the family ({4;}) is independent. Random
variables (X;) are called independent if (o (X)) are independent.

Remark 1.61. A family (C?) is called pairwise independent if P[A;, N A;,] = P[A;,|P[A;,] for every
A, € ch, A, € C* which is a weaker version of independence. As an exercise, find three sets A, B
and C' on some probability space which are pairwise independent but not independent. ¢

Proposition 1.62. The following assertions holds

(i) Let P1,..., Py be a finite family of independent w-system. Then o(Py),...,o0(Py) are also inde-
pendent.

(ii) Let X,Y be two independent positive random variables, or such that X, Y, XY € L', then it
follows that
E[XY] = E[X]|E[Y]

(iii) Let X be a random variable independent of a sigma-algebra G. Then it holds

E[X|G] = F[X].

Proof. (i) We show the case n = 2, the general one is done per induction. Let C;,C5 be the collection of
elements Ay, As in o(Py), o(P2) respectively for which holds

P[A; N Ag] = P[A4]P[As).
Let us show that C; is a A-system. Clearly Q2 € C;. Let Ay, A5 be in Cy, C5 respectively. It follows that
P[AT N Aj] = P[As] — P[A1 N Ag] = P[Ay] — P[A1|P[As] = (1 — P[A1])P[As] = P[A]]P[Ay]

showing that A§ € C;. Finally, let (A7) be a sequence of pairwise disjoint elements in C; and As in Cs.
By o-additivity of probability measures, it holds

Pl(UAT) N As) = Y P[AT N As) = Y PIAT)P[As] = (ZP ) P [UAT] P[A,]

showing that UAT € C;. We deduce that C; is a A-system containing the 7-system P;. Since o(P;) C
o(C1) = C; C o(Py), it follows that C; = (P;). The same holds for Co = o(P;) showing that o (P;)
is independent of o(P5).

(ii) By assumption, it holds o(X) is independent of o(Y"). Assume that X and Y are positive. Let
X = Zk<n ayla, and Yy = ZKm Bilp, for ay, B positives and Ay, € o(X) and B; € o(Y). It
follows that

E [XY} = Y aBPANBl= Y  aBP[AlPB]

kE<n,l<m k<n,l<m

> axPlA] | | D] BiPIBY] | = EIX|E[Y]

k<n I<m
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Since there exists sequences f(n, f/n of the form X and Y above such that Xn X and f/n Y, see
Proposition 1.44, it follows from Lebesgue’s monotone convergence that

E[XY]=1limE [anfn} — limE [Xn] E [Y/n} — E[X]E[Y]
The case where X, Y, XY are in L' can be easily derived from the positive random variable case by
separating positive and negative parts.

(iii) Let now X be an integrable random variable which is independent of the o-algebra G. For every
A € G, it follows that 1 4 and X are independent and therefore, from the previous point, it holds

E[X14] = E[X]|E[14]

but on the other hand
E[E[X]1a] = E[X]E[14].

Since E[X] is a constant and a-fortiori G-measurable, it follows from the uniqueness of the conditional
expectation that E[X|G] = E[X]. O

1.6. Fubini-Tonelli

The theorem of Fubini-Tonelli is concerned about the definition of sound product measures on finite
product spaces and their properties. To do so, we will make use of Caratheordory’s Theorem 1.38. In the
following we therefore consider the two dimensional case. Let (€21, F1) and (22, F2) be two measurable
sets and define Q2 = Q7 x 5 endowed with the product g-algebra F = F; @ Fo.

Proposition 1.63. Let A € F and X : Q — R be a measurable function. Define

Ay, = {ws € Qo (w1, we) € O} C Oy Ay, = {wr € Q1 (w1, we) € A} C Oy
Xy = X(w1,): Q2 =R Xy = X(wa): 21 =R

Then it holds that A, € Fa, Aw, € F1, X, is Fa-measurable and X, is F1 measurable.

Proof. Let C be the collection of those A € F such that A,,, X A,, € F1 X Fa. It clearly holds that
F1 X Fa C C. Direct inspection shows that C is a o-algebra, and therefore 7 = o(F; x F2) CC C F
showing the first assertion. As for the second point, let B be a Borel set in R. It follows that {X,,, €
B} = {X € B}, whichis an element of 7, by what has been just shown. Hence X, is F,-measurable.
The same argumentation holds for X,,. ]

Definition 1.64. A stochastic kernel on 21 X JF3 is a function K : Qy x Fa — [0, 1] such that
(i) w1 — K(w1, As) is F1-measurable for every As € Fo;
(ii) Ay — K(wi, As) is a probability measure on JF» for every wy € ;.

A stochastic kernel is in some sense a measurable family of probability measures on J;, one for each
w1 € Q1. A special case of a stochastic kernel is the constant one K (w1,-) = P, for all w; € Qy where
P, is a probability measure on F». Given a probability measure P, on F7, we want to define a probability
measure P on the product o-algebra F such that

PlA] = /Q (/Q 1A(w1,w2)K(w1,dw2)) Py (duwn).

This is the subject of the following Theorem
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Theorem 1.65 (Stochastic variant of Tonelli’s Theorem). Let Py be a measure on F1 and K a stochas-
tic kernel on Q0 X Fo. Then there exists a unique probability measure P on F such that for every positive
random variable X : Q) — R it holds

Ep [X] :/Q ( o X(wl,wg)K(wl,dw2)> Pl(dwl) (11)

In particular’’
PlA] = [ K(wi,As,)Pi(dwy), A€F. (1.2)
Q1

Proof. Define R = F; X Fp and P : R — [0, 1] given by

P[A] = K(wl,Az)Pl(dwl), A=A x Ay eR.
Ay
Inspection shows that R is a semi-ring that contains ©.>> In order to make use of Caratheodory’s
Theorem 1.38, we just have to show that P is a c-additive content. It holds P[] = 0 and P[] =
le K (w1, Q) Py [dw:] = fﬂl Py[dw;] = 1. Let us show directly the o-additivity. Let (A} x A%) be a
sequence of pairwise disjoint elements of R such that UA} x A} = A; x A, for some A; € Fi and
Ay € F5. Define the functions

Xo(w1) = Lag (w1) K (w1, A3) = / Larscas (@1, wa) K (wn, deoe)
Qo

X(wr) := 1a, (w1)K(wi, A2) :/ 14, x4, (w1, w2) K (wy, dws)
Qs

Since K is a stochastic kernel, it follows that each X, as well as X are J7-measurable positive random
variables. Furthermore, due to the pairwise disjointness of (A} x A% ), as well as monotone convergence,
it follows that

ZXn(M):/Q ZlA;leg(wl,w)K(wl,dm)Z/Q Luapxap K (w1, dws) = X (w1)
1 2

for every w; € ;. Hence, once again, monotone convergence yields

PlA; x Ag] = [ X(w1)Py(dwy) = Z n(w)Pr(dwy) =Y PIAT x A3]. (1.3)
Q
showing the o-additivity. It follows that we can apply Caratheodory’s Theorem ensuring the existence of
a unique measure P on F satisfying

P[Al X AQ} = K(wl,Ag)Pl(dwl), Ay X As € Fy X Fo.
Ay
Let us now show that (1.2) holds. Define the collection C of those A € F such that (1.2) holds. For
A = Ay x A, it follows that A, = Ay if w; € Aj and ) otherwise. It follows that K (w1, Ay,,) =
14, (w1)K (w1, As) showing that F; x Fo C C. In particular, {2 € C. Furthermore, for every pairwise
disjoint sequence (A™) of elements in C, denoting A = UA™, it follows from monotone convergence that

=Y Pl = /Q 3" K (w1, A2, Pi(dwr)

= K(wl, UAZ1 )P(dwl) = K(W1, Aw1 )P(dwl)
(o2 Q1

3Indeed, K (w1, Aw,) = fQ2 14 (w1, w2)K (w1, dws) for every wi.
32 Actually, product of semi-rings are semi-rings.
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showing that A € C. Finally, for A € C, it follows that

P[A°] =1- P[A] = /Q (1 - K(w1,Ay,)) Pldwy) = A K(wi, AS, ) P(dwy)

showing that A° € C. Hence, C is a A-system that contains the m-system JF; x F3. Hence, by Dynkin
m-A-lemma, it follows that o(F; x F2) C C C F = o(F1 x Fa) showing that C = F, that is, (1.2) holds
for every A € F. As for (1.1), it follows from the fact that every positive random variable X : Q@ — R
can be approximated by step functions ending the proof. (I

Definition 1.66. With the notations of Theorem 1.65, we denote P = P; ® K. In the case where
K(wq,-) = P, for all wy € Q; for some measure P, on F, then P is called the product measure of Py
and P, on the product space and is denoted by P = P; ® Ps.

In the case of a product measure due to the symetry, it holds in particular

| xtps) = [ ( 5 X(orn)Pa(den) ) Pr(dn) = [ 2 ( 5 X(or,0)Pu(den) ) Pafdn)

Corollary 1.67. Let X be a positive random variable on some probability space (0, F, P), then it holds
oo
BIX] = / PIX > 2] Mda)
0

where )\ is the Lebesgue measure on R.

Proof. For almost all w € Q, X (w) > 0, and therefore

X (w) 0o
X(w) = / A(dr) = / L (w)omy A(d2)

where ) is the Lebesgue measure on R. Since (w, ) — 1{x(w)>z} is a F @ B(R)-measurable function,
by Fubini-Tonelli for the product measure P ® A, it holds

E[X] = /Q ( /]R 1{X(w)>x})\(dx)) Pldw) = /Q U PO Addr)
:/R</Q1{X(w)>x}p(dw)> A(da) :/RE[l{XM}] A(dm)z/RP[XM]A(dw)- O

We now address the stochastic variant of Fubini’s theorem since we considered stochastic kernel instead
of a simple probability measure. Let X and Y be two random variables on some probability space
(92, F, P). We consider the probability measure P x y on the product Borel c-algebra of R? given by

Pxy)[Bl=P[(X,Y) € B], BeBR?

We suppose that this joint distribution P x y is given by P, ® K for some probability measure P; on
B(R) and a stochastic kernel K on R x B(R). Note that by Tonelli’s Theorem, it holds

Px[Bl] = P[X S Bl] = P[(X,Y) € By x R] = P(X7y)[Bl X R]
~ [ s @K@ RP) = [ 1a,(@)Pi(dz) = PLAY
R R

showing that Px = P.
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Theorem 1.68. Let X and Y be two random variables which joint distribution is given by P; @ K where
P, = Px and K is a stochastic kernel on R x B(R). For every positive random variable g : R?> — R
such that g(X,Y) is integrable, it holds

E [g(X,Y)|o(X)] = / o(X,y)K(X, dy)

P almost surely.

Proof. From Tonnelli’s Theorem’s proof, the function z — h(z) = [, g(z,y)K(z,dy), z € R is
measurable, and therefore

hX) = [ (XK (X dy)
is a positive random variable. Let A € o(X). It follows that A = X ~1(B) for some Borel set B € R.

Therefore

Elag(X,Y)] = E[1p(X)g(X,Y)] :/

- 1B(x)g($7y)(Pl ® K)(dxady)

:/]Rz 15(x)g(z,y) (P, ® K)(dz, dy) :/R(/Rs(w)g(w,y)ff(:v,dy)> Py (dx)

= /Rs(x)h(a:)Pl(dz) = E[14h(X)]
ending the proof. U

Remark 1.69. As in the previous theorem, let X and Y be two random variables which joint distribution
is given by P(x y). Suppose that P x y is absolutely continuous with respect to the Lebesgue measure
on R?, it follows that there exists a Lebesgue’s almost surely a unique positive function foxyy: R?2 - R
with expectation 1 such that

(X = | o)y (@ )dady

It follows that the density of X and Y respectively are given by

fx(@) = /R oo (@y)dy and  fy(y) = /R Foxr (@ ).

Defining

fixm (@, y) = wl{fx(z)>0} + [y (W) W) 5 (2)=0}

Inspection shows that
Ko, ) = [ oy
defines a Kernel. It holds

PX®K(A><B):/
A

( Jxy)(z,y)
B

fX (Z‘) 1{fx(x)>0} + fY(y)(y)l{fX(m)_o}dy> fX(CU)dl'
= // Jixyvy (@, y)dyde = Pix yy(A x B)
AJB

From the uniqueness assumption of Fubini-Tonelli’s theorem, it follows that P x yy = Px ® K. And
following the theorem, it follows that

Elo(x.Y)) = [ gl (. pdedy = [

R R

(/Rg(x’y)fWIX)(%y)dy) fx(@)dz ¢
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1.7. Uniform Integrability

Throughout the script, we may use the following notation
E[X;A]:= E[14X] aswellas P[A;B] := P[AN B]

We finish this subsection with some results about uniform integrability. Note that for X € L', Lebesgues
dominated convergence implies that E[| X | ; | X | > n] — 0. Uniform integrability is a similar requirement
but on a whole set of random variables.

Definition 1.70. A set H C L' is called uniformly integrable if

sup E[|X[;|X]=n] =0
XeH

Proposition 1.71. For H C L', the following assertions are equivalent
(i) H is uniformly integrable;

(ii) the following two assertions holds
* H is bounded in L', that is sup y ¢ y E[| X|] < oo;
e For every ¢ > 0 there exists 6 > 0 such that

E[X[;A] <e
forall X € H and A € F such that P[A] <.

(iii) There exists a Borel measurable function ¢ : Ry — Ry such that o(x)/x — oo as x — oo for
which holds

sup E [p(|X])] < oo.

XeH
Proof. Suppose that (i) holds. It follows that for n large enough we have E[|X|;|X]| > n] < 1 for all
X € H. Hence E[|X|] < n+ 1forall X € H showing that H is bounded in L!. Let further ¢ > 0 and
choose n large enough such that E[| X|; | X| > n] < /2. Seting § = £/(2n), for every A € F such that
P[A] < 4, it follows that

E[IX];Al = E[IX]; An{[X| =2 n}] + E[|IX][; AN{[X]| <n}] <nP[A] +¢/2 <e,

showing that (i) implies (ii).

Reciprocally, suppose that (i) holds. Denote by M = supy E[|X|] < oo, and let & > 0. There exists
d > 0 such that F[X; A] < ¢ for every A € F with P[A] < §. Choose then n greater than M /4. For
X € H, Markov inequality yields

EIX]) _ M
n - n

P(IX|>n] < <5
Hence
sup E[|X[;|X[>n] <e
XeH

showing the uniform integrability of H.
Suppose that (iii) holds and denote by M = supycy E[@p(X)]. For e > 0, there exists n. such that
o(x) > Mux/e for every x > n.. Hence

M > sup E[p(|X])] = sup E[p(|X]);|X] = n] > M sup E[|X];|X]>nc] /e
XeH XeH XeH



showing that sup,, supycp E [|X|;|X| > n| < supyey E[|X|;|X| > n:] < € and so the uniform
integrability of H.

Reciprocally assume (i) and choose a sequence (¢,,) which can always be chosen increasing, such that
supxey B[ X|;]|X] > ¢,] < 1/n3. Define the function ¢ : Ry as a piecewise linear, equal to 0 on
[0, ¢1] and the derivative equal to n on [¢,,, ¢,,+1] which implies that ¢(x) /2 — oo as z — oo. It follows
that

Elp(IXD) = Y Elp(IX])ien < IX| < can] = D n(E[X| Acar] = E[X| A ca])

However,

E[| X[ A cng1] — E[|X] A cp]
= B[ X1 eq < [X| < enpa) + Elensas |X] > ] = Elens |X] > ¢
< E[X|;|1X| > cul + B[ X|;|X| > cny1] < 2/n°

which shows that sup x ¢ 7 E[e(|X])] < Y 2n/n? < co. O

Theorem 1.72. Let (X,,) C L' be a sequence of random variables such that X,, converges in probability
to a random variable X.>3 Then, the following assertions are equivalent

(i) the sequence is uniformly integrable;*
(ii) X,, convergesto X in L'.
(iii) || Xy ||, converges to || X ||,

Proof. We show that (i) implies (i4). By Proposition 1.53, there exists a subsequence (V) of (X,,)
that converges P-almost surely to X. In particular, (Y;,) is uniformly integrable. Using Fatou and the
L' boundedness of the family (X,,), see Proposition 1.71, it follows that E[|Y|] < liminf E[|Y] ] <
sup,, E[|Y],] < oo showing that X € L'. It follows that the sequence (X,, — X) is uniformly inte-
grable and therefore without loss of generality we can assume that (X,,) is a uniform integrable family
converging in probability to 0. For € > 0 it holds

El|Xn|] = El|Xn|; | Xn| <e/21+ E[|Xn|; | Xn| > €/2] <e/24 E[|Xn];[Xn| > /2]

By uniform integrability of the family (X,,), making use of Proposition 1.71, let § > 0 such that
sup,, E[| X,|; A] < ¢/2 for every A € F with P[A] < ¢. Further, by convergence of (X,,) in prob-
ability to 0, there exists ng such that P[|X,,| > /2] < ¢ for every n > ng. Thus, for every n > ny, it
holds E[| X,|] < /24 supys,, E[|Xnl|;|Xn| > ¢/2] < e showing that X,, converges in L' to 0.

The fact that (i) implies (4i%) is trivial from ||z| — |y|| < |« — y|, and therefore we finish the proof by
showing that (¢i7) implies (¢). For M > 0, define ¢j; as being the identity on [0, M — 1], 0 on [M, oo
and linearly interpolated on the remaining part of the real line. Let ¢ > 0 and using the dominated
convergence theorem, choose M such that E[|X|] — E[enm (| X])] < e/2 since ¢ (] X|) converges to
and is dominated by |X| € L. By continuity of ¢y, it follows that o (| X,|) — @ar(|X]) also
in probability. Now, since ¢y (| X,|) < M for every n, the dominated convergence theorem in its
convergence in probability fashion, see Proposition 1.53 yields E[¢(|X,|)] — E[eam(|X]|)]. Hence,
together with E[|X,,|] — E[|X|], there exists some integer ng such that

E[[Xnl] - E[|X|] <e/4 and  Elpn(|X])] - Elp(|Xa])] <e/4

BThatis P[| X, — X| > €] — 0 for every €.
34That is { X, : n € N} is uniformly integrable.
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for every n > e. Henceforth
Bl Xn|;[Xn] = M] < E[|Xn|] — Elpm(IXn])] < /2 + E[|X]] — Elpm(IX])] < e

for every n > ny. Increases the value of M so that this inequality remains true for the remaining n > ng,
to conclude the uniform integrability of (X,,). O
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